The contributions of Emmy Noether to particle physics fall into two categories. One is given under the rubric of Noether's theorem, and the other may be described as her important contributions to modern mathematics. In physics literature, the terminology Noether's theorem is used to refer to one or another of two theorems, or their converses, proved by Noether. These will be discussed along with an historical account of how they were discovered and
In 1900 Emmy Noether was eighteen, and women were finally permitted to attend lectures at the University in Erlangen. They were not allowed to matriculate, only to attend lectures -with permission of the instructor. Some lecturers refused to lecture if there was a woman in the room. Emmy Noether was thus at the forefront of the entry of women into academic life.
One might speculate whether it is a remarkable accident that a woman of genius was among the first, or whether the social, psychological and emotional barriers against women doing science were so formidable that only women of extremely high ability and determination were able to overcome them.
Emmy Noether was one of the great mathematicians of the 20th century, as all mathematicians will attest. Not only did she discover the oft quoted theorem which relates symmetries and conservation laws, she contributed original and fundamental ideas to modern mathematics. The importance of modern mathematical ideas and tools to discoveries in theoretical elementary particle physics this century is self-evident.
It is fitting therefore that we acknowledge her contributions at this Conference on the History of Original Ideas and Basic Discoveries in Particle Physics. To discuss her contributions to particle physics, it is useful to separate them into two groups. One is centered around the theorem we call Noether's theorem, and the other her seminal contributions to the development of modern mathematics which has been so influential in theoretical particle physics. I will discuss the theorem in the next section, its importance, and the historical context in which it was discovered. The theorem was published in 1918 and essentially ignored in physics literature for forty years. There is something of a puzzle as to why it lay fallow for so long since its relevance to physics, and in particular quantum mechanics, is so clear to us today. From our modern perspective the theorem reduces the search for conservation laws and selection rules to the systematic study of the symmetries of the Lagrangian, and conversely also leads from observed conservation laws to the discovery of symmetries. In section III is some history which may be relevant to why Noether's theorem was so rarely quoted in physics literature from 1918 to 1958. Section IV is a overview for physicists of her original and highly influential contributions to modern mathematics, in particular abstract algebra. Section V is a brief biographical sketch of her life and work including some details about her father and brother who were also mathematicians. A list of her published papers is in Appendix A; in Appendix B is her summary of the work published before 1919; in Appendix C are 72 articles in physics and mathematics journals listed in a recent issue of Current Contents whose titles refer to Noether charges, Noether currents, Noether theorem, etc. -of these 26 appear to be in journals of pure mathematics and the rest in physics and mathematical physics journals!
II. THE THEOREM
The theorem we so often quote was published in a paper entitled Invariante Variationsprobleme in the Göttingen Nachrichten in 1918. [2] It is a very important paper for physics because it proves very generally the fundamental relation of symmetries and conservation laws. The theorem reduces the search for conservation laws and selection rules to a systematic study of the symmetries of the system, and vice versa, for systems governed by an action principle whose action integral is invariant under a continuous group of symmetry transformations. Noether's paper combines the theory of Lie groups with the calculus of variations, and proves two theorems, referred to as I and II, and their converses. Both theorems and their converses are called Noether's theorem in the physics literature. Theorem I pertains to symmetries described by finite-dimensional Lie groups such as the rotation group, the Lorentz group, SU(3) or U(1). Theorem II applies for infinite-dimensional Lie groups such as gauged U(1) or SU (3) or the group of diffeomorphisms of general relativity. It is likely that theorem II was of principal interest at the time the paper was written because, applied to the theory of general relativity, from it one obtains energy-momentum conservation as a consequence of the general coordinate invariance of the theory. Similarly, and somewhat more simply, one may obtain current conservation as a consequence of gauge invariance in electrodynamics. Emmy Noether did this work soon after Einstein completed the theory of relativity and Hilbert derived the field equations from an action principle. Hilbert was con-cerned by the apparent failure of 'proper' energy conservation laws in the general theory. [3] It is characteristic of Emmy Noether that, having begun this work in response to Hilbert's questions regarding energy-momentum conservation in the general theory, she got results of utmost generality and found theorems that not only illuminate this question but many other conservation laws as well. I will describe her two theorems and the historical setting in which they became known.
Theorem I applies when the symmetry group is a finite-dimensional Lie group; a Lie group with a finite number N of infinitesimal generators. Examples are the Lorentz group with N = 6, and ungauged SU(3) and U(1) with N = 8 and N = 1, respectively. These generators are the elements of the Lie algebra. Theorem I states, if the system is invariant with respect to the Lie group, there is a conserved quantity corresponding to each element of the Lie algebra. The result is very general and holds for discrete and continuous, classical and quantum systems. For a field theory, theorem I states that there is a locally conserved current for each element of the algebra; i.e., that there are N linearly independent currents j (a) µ (x) which obey ∂ µ j (a) µ = 0 where a is a Lie algebra label and µ = 0, 1, 2, 3 a space-time label. Thus one has
for each infinitesimal generator of the group. From this we obtain conservation of the corresponding charge
For quantum systems these charges are operators whose commutation relations are those of the Lie algebra.
Theorem II applies when the symmetry group is an infinite-dimensional Lie group (not the limiting case of N → ∞ for which theorem I continues to apply). Examples are the gauged SU(3) and U(1) groups of QCD and QED, and the group of general coordinate transformations of general relativity. Theorem II states that certain dependencies hold between the left hand sides of the Euler equations of motion when the action is invariant with respect to an infinite-dimensional Lie group. In the case of general relativity, using Hilbert's Lagrangian and the invariance of the action under general coordinate transformations, the dependencies of theorem II are Bianchi identities. The four Bianchi identities G µν;µ = 0 give the energy-momentum conservation law, as can be seen from the following. For Einstein gravity coupled to electromagnetism and/or matter, the field equations are G µν = −8πκT µν where T µν is the energy-momentum tensor of the electromagnetic and/or matter fields.
Theorem II thus gives T µν;µ = 0, which is the law of energy-momentum conservation in the general theory. Similarly, for QED theorem II gives current conservation as a consequence of gauge invariance.
For the mixed case where the symmetry group is the union of a finite-dimensional and an infinite-dimensional Lie group, Noether found both types of results; i.e., conservation laws and dependencies.
The paper was submitted to the University of Göttingen in 1919 as her Habilitation thesis. Actually Hilbert had tried to obtain a university Habilitation for Noether in 1915 when she came to Göttingen. Consideration was refused by the academic senate on grounds she was a woman, and Hilbert uttered his famous quote " I don't see why the sex of the candidate is relevant -this is afterall an academic institution not a bath house." The Habilitation was granted in 1919. It is interesting to read how she describes her results in her submission. She says the paper " deals with arbitrary finite-or infinite-dimensional continuous groups, in the sense of Lie, and discloses the consequences when a variational problem is invariant under such a group. The general results contain, as special cases, the theorems on first integrals as they are known in mechanics and, furthermore, the conservation theorems and the dependencies among the field equations in the theory of relativity -while on the other hand, the converse of these theorems is also given ..." [4] In the Abstract to the paper she wrote "The variational problems here considered are such as to admit a continuous of relativity has advanced our ideas of the structure of the cosmos a step further. It is as if a wall which separated us from truth has collapsed." [9] Hilbert wrote an article entitled Grundlagen der Physik and remarked there on the failure The generality of her results is characteristic of the whole body of her work. The overall distinguishing characteristic of her major contributions to modern mathematics stems from her ability to abstract matters of general importance from details. According to her student van der Waerden, her work was guided by a maxim he described as follows. [10] "Any relationships between numbers, functions and operations only become transparent, generally applicable, and fully productive after they have been isolated from their particular objects and been formulated as universally valid concepts. Her originality lay in the fundamental structure of her creative mind, in the mode of her thinking and in the aim of her endeavors.
Her aim was directed specifically towards scientific insight."
In Encyklopaedie der mathematischen Wissenschaften article on relativity. It seems odd that her didn't also reference No. 13. Perhaps this was a harbinger of things to come. In the twenties and thirties, and indeed for about forty years, Noether was rarely cited in the literature though her results were given often. It is not clear why this is so. Perhaps it is because of an ambiguity having to do with Klein's Note. In the acknowledgement he makes to her contributions to his work, there is perhaps some insinuation that he was somehow responsible for her results. [6] There is no paucity of references to Noether's theorems in contemporary literature. As Now Noether's theorem is a basic tool in the arsenal of the theorist, and is taught in every class on quantum field theory and particle physics. It is curious that it seems to have lain fallow in the physics literature for nearly forty years being mentioned very rarely from 1920 to 1960. In the next section are some further comments and conjectures regarding this.
III. A PUZZLE
The puzzle is why were there so few references to E. Noether in the physics literature for nearly forty years? [11] Now her name appears very frequently, and most textbooks on classical and quantum mechanics and classical and quantum field theory have sections enti- Perhaps a more substantial reason for the paucity of references to Noether's theorem in the twenties and thirties, than that Weyl didn't mention it, is that her theorems were not felt to be of fundamental importance. In that period, energy conservation and general relativity
were not as firmly established as they are now. [13] Of course no one doubted macroscopic energy conservation; the first law of thermodynamics had been firmly established by 1850.
But the discovery of radioactivity, particularly the continuous β spectrum, raised serious doubts regarding energy conservation as a fundamental principle. Though Chadwick had presented evidence of a continuous β spectrum in 1914, his results were not definitive and some thought that the electrons were monoenergetic and the observed continuous β spectrum an experimental artifact. Lise Meitner was among those who believed that energy conservation was a fundamental principle and that there must be narrow lines underlying the β spectrum. It was only in 1927 that Chadwick and Ellis gave convincing evidence in the form of calorimetric measurements that the β spectrum was continuous. Perhaps another reason Noether's theorem was not given much publicity was because it may have felt awkward for pre-WWII authors to have credited a woman for an important contribution to their work.
From a contemporary perspective it seems surprising that Weyl did not use Noether's theorem I to obtain, for example, conservation of angular momentum from rotational invariance. This, however, doesn't fit into the approach of his book because he uses a Hamiltonian rather than a Lagrangian formulation of quantum mechanics. Conservation Laws he remarks that "the validity of the conservation laws is known to be connected with certain invariance properties of the Hamiltonian." [20] In the text he derives energy-momentum conservation when the Hamiltonian does not depend upon space-time coordinates by construction of a divergence-free symmetric energy-momentum tensor using the field equations. His book generally gives a Hamiltonian rather than a Lagrangian formulation of quantum field theory. In the footnote mentioned above, Wentzel references Pauli and Heisenberg [21] . In their famous papers on quantum field theory, there is no reference to Noether. Theirs is also a Hamiltonian approach to the subject.
The frequency with which Noether's theorem is referred to in physics literature, particularly particle physics literature, increased substantially after 1958. This was the year that the Feynman and Gell-Mann paper on the V-A theory of weak interactions was published.
[22] Though no reference is made to Noether's theorem, Feynman and Gell-Mann clearly point to the connection of conserved currents and symmetries. They propose in that paper the conserved vector current (CVC) hypothesis, observing that the decay rates of the muon and O 14 give nearly equal values for the Fermi coupling constant. From this observation they suggest that the Fermi coupling constant may be a weak charge related to the conserved weak vector current as in (2) . Like electric charge, it appears that it is not renormalized by the strong interactions and is the same for leptons and hadrons. Probably with reference to conservation of the electromagnetic current as a consequence of gauge invariance, they presciently seem to be suggesting that another gauge principle may be involved; the final sentence of their paper reads in part: "it may be fruitful to analyze further the idea that the vector part of the weak coupling is not renormalized; ... and to study the meaning of the transformation groups which are involved." Another paper that was influential at around the same time was Schwinger's 1957 Annals of Physics paper A Theory of the Fundamental Interactions. [23] In his theory, internal symmetries are described by finite-dimensional Lie groups and he uses, without reference to Noether, her theorem I. Indeed it plays an important role in his theory.
It seems to me that these papers along with the coming back into vogue of Lagrangian field theory, led people to feel that Noether's theorem was important or, anyway, useful.
Previously, and to some extent still at that time, people used a Hamiltonian approach for Perhaps we will learn that energy-momentum conservation is not a fundamental principle after all; i.e., that the diffeomorphism symmetry of space-time is violated at small distances. Nevertheless Noether's theorem will remain an important contribution to physics because it gives, in general, the relation between conservation laws and symmetries. Furthermore the theorem formulated by Noether with such depth and generality has contributed very importantly to modern physics both in the discoveries of symmetries of fundamental interactions and in finding the dynamical consequences of symmetries. I believe I would not be alone in asserting that her theorems have played a key role in the development of theoretical physics.
IV. CONTRIBUTIONS BEYOND THE THEOREM
As important as the theorem is, it by no means sums up her contributions to modern physics. From her point of view, and that of her mathematical colleagues, the two 1918 papers constituted a tangent to a main road of accomplishment. This road was to establish modern abstract algebra. It is self-evident that modern mathematics is, and has been, a very important contributor to discovery in particle physics. Modern abstract algebra profoundly affected modern mathematics in general; to quote Michael Atiyah " Modern mathematics, in all its branches, has been influenced by a more liberal and ambitious use of algebra. In recent years this is also increasingly true of theoretical physics. Lie groups, commutation relations, supersymmetry, cohomology, and representation theory are widely used in theoretical models for particle physics. Emmy Noether's belief in the power of abstract algebra has been amply justified." [25] Nathan Jacobson wrote in the introduction to her collected works that "Emmy Noether was one of the most influential mathematicians of this century.
The development of abstract algebra, which is one of the most distinctive innovations of twentieth century mathematics, is largely due to her -in published papers, in lectures, and in personal influence on her contemporaries." [26] Concepts, methods and results in group theory, algebraic topology, cohomology theory, homotopy theory, etc. are valuable tools for understanding physics. To give some recent examples, methods and concepts from algebraic topology are very usefully employed in analytic studies of gauge field theories on the lattice [27] ; and higher homotopy groups are found useful in analyzing possible forms of spontaneous symmetry breaking. [28] In this section I will give a brief overall summary of Emmy Noether's contributions drawn principally from writings of Weyl [7] , Jacobson [26] and van der Waerden [10] . Since we are not mathematicians, it is difficult to give here a complete and accurate account of her major order to sense the influence of Emmy Noether's ideas. This influence is also keenly felt in H. Weyl's book Gruppentheorie und Quantenmechanik." [29] All who have written about her recall that she always worked with a lively group of mathematicians around her. She gave lecture courses in Göttingen and elsewhere and loved to talk mathematics with groups of like-minded mathematicians. She had many very good students [4] and her influence extended well beyond her published papers. A notable example is given by Jacobson. "
As is quite well known, it was Noether who persuaded P.S. Alexandrov and Heinz Hopf to introduce group theory into combinatorial topology and formulate the then existing simplical homology theory in group-theoretic terms in place of the more concrete setting of incidence matrices." Alexandrov and Hopf say in the preface to their book Topologie (Berlin 1935) "Emmy Noether's general mathematical insights were not confined to her specialty -algebra -but affected anyone who came in touch with her work."
It was in the second epoch according to Weyl, 1920-26 , that she founded the approach of modern abstract algebra. Jacobson describes how this came about; numbers refer to the list in Appendix A. "Abstract algebra can be dated from the publication of two papers by Noether, the first, a joint paper with Schmeidler, Moduln in nichtkommutativen Bereichen ... (no.17) and Idealtheorie in Ringbereichen (no.19). Of these papers, ..., the first is of somewhat specialized interest and its influence was negligible. Only in retrospect does one observe that it contained a number of important ideas whose rediscovery by others had a significant impact on the development of the subject. The truly monumental work Idealtheorie in Ringbereichen belongs to one of the mainstreams of abstract algebra, commutative ring theory, and may be regarded as the first paper in this vast subject..." Though the terminology -ideal theory, rings, Noetherian rings, the chain condition, etc. -is unfamiliar to most physicists, one can read Weyl's lucid account in his memorial address and gain some understanding of why Jacobson says " By now her contributions have become so thoroughly absorbed into our mathematical culture that only rarely are they specifically attributed to
In 1924 B. L. van der Waerden came to Göttingen having just finished his university course at Amsterdam. According to Kimberling, van der Waerden then mastered her the-ories, enhanced them with findings of his own, and like no one else promulgated her ideas.
[1] In her obituary, van der Waerden wrote that "her abstract, nonvisual conceptualizations met with little recognition at first. This changed as the productivity of her methods was gradually perceived even by those who did not agree with them. ... Prominent mathematicians from all over Germany and abroad came to consult with her and attend her lectures.
... And today, carried by the strength of her thought, modern algebra appears to be well on its way to victory in every part of the civilized world" [10] His book Moderne Algebra, as is credited on the title page, is based on the lectures of Emmy Noether and Emil Artin.
According to Garrett Birkhoff, this book precipitated a revolution in the history of algebra. that the freshness and enthusiasm of his exposition electrified the mathematical world." [30] The first edition of Moderne Algebra was published in 1931. In the 1950's when I was a graduate student in the University of Chicago, modern algebra certainly appeared central to us. Though we were graduate students studying physics, modern algebra was a subject we all aspired to learn. I believe it affected profoundly how modern physicists think and work. Princeton. She traveled there by train each week to do so. Jacobson attended those lectures in 1935 and recollects that she announced a brief recess in her course because she had to undergo some surgery. Apparently the operation was followed by a virulent infection and she died quite unexpectedly. According to Weyl, "She was at the summit of her mathematical creative power" when she died.
Many people have written about how helpful and influential she was in the work of others.
She not infrequently tended not to have her name included as author on papers to which she had contributed in order to promote the careers of younger people. She apparently was quite content with this and didn't feel a necessity to promote her own fame. She lived a very simple life and is reported to have been quite a happy person though she existed on uses along with algebraic and number-theoretic techniques some abstract set theory ...In this same direction is the paper 'Functional Equations and Isomorphic Mapping' (10) which yields the most general isomorphic mapping of an arbitrarily abstractly defined field. Finally, there are two works on differential invariants and variation problems (12, 13) ..." [4] APPENDIX C: TITLES FROM A RECENT ISSUE OF CURRENT CONTENTS
